Abstract. There exists an analogy between the structure of ideals of a cone in a right-ordered group and the structure of ideals of a Dubrovin valuation ring in a simple artinian ring . The structure of ideals of rank one cones and rank one Dubrovin valuation rings can be described completely. One sided versions of this problem are considered in 5] where the ideal theory of right cones is developed and a classi cation of prime segments is given. The description of the two-sided ideals in this case mirrors the results for cones and Dubrovin valuation rings. However , it remains open whether additional ideals can occur in one particular situation.
1 Prime segments in cones of a right-ordered group Let G be a group with a positive cone P, i.e., PP P; P P ?1 = G: If in addition P \P ?1 = feg, the cone P is called a principal cone of G. The right order \ r " de ned by a r b if and only if ba ?1 2 P for a; b 2 G is also a left order if and only if aPa ?1 = P for all a 2 G:
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c 0000 American Mathematical Society A non-empty subset I of G is called a right P? ideal if IP I and I aP for some a 2 G. A left P? ideal and P? ideals are de ned similarly. If I P then we omit the pre x \P?" and call I a right (left) ideal of P. Moreover, if I 6 = P, then we say that the (right or left) ideal I is proper. A proper ideal I of the cone P is said to be prime (completely prime) if for a; b 2 P we have a 2 I or b 2 I whenever aPb I (respectively, ab 2 I).
A subset H G is called convex if x; y 2 H; g 2 G; x g y implies g 2 H. The set of all convex subgroups of G is a chain containing feg and G. If C ; ( 2 ) is in , then \C and C are again in . Hence, every element g 6 = e in G de nes two subgroups D; C 2 ; so that C D; g 2 C n D; and contains no convex subgroups strictly between C and D. Such a pair C D is called a jump in ( 11] and 9]) and it is denoted by D C.
In this situation there exists a 1 ? 1 correspondence between and the set specP of all completely prime ideals of the cone P. More precisely: Theorem 1.1 Let (G; P) be a right ordered group. If A 2 ; A 6 = G is a convex subgroup of G then I = P n(P \A) is a completely prime ideal of the cone P.
Conversely, if I 6 = P is a completely prime ideal of the cone P, then A = (P n I) (P n I) ?1 is a convex subgroup of G.
By this correspondence, jumps in correspond to the pairs Q 1 Q 2 of distinct completely prime ideals of P such that there are no further completely prime ideals between Q 1 and Q 2 . Such pairs are called prime segments in P. We also include the possibility that Q 1 is a minimal completely prime ideal of P and set Q 2 = in this case.
Throughout this section P is a cone in a group G. The set of right (left) P? ideals is totally ordered with respect to inclusion. The set U(P) of elements invertible in the cone P is P \ P ?1 and it is a subgroup of G. In particular, P is a principal cone if and only if U(P) = feg: The subset J(P) of elements not invertible in P is a two-sided ideal called the radical of P; it is the maximal proper right (left) ideal of P . This ideal is completely prime and P = U(P) J(P); U(P) \ J(P)= . We say that the cone P is of rank one if J(P) is the only completely prime ideal of P:
Completely prime ideals of a cone P in a group have the following properties ( 1]): Lemma 1.2 Let P be a cone in a group G: Then: a): An ideal I in P is completely prime if and only if x 2 2 I implies x 2 I for x 2 P; b): An idempotent ideal I of P is completely prime; c): \I n = K is a completely prime ideal for any ideal I of P or K = .
The prime segments of a cone fall into one of the following three categories ( 1] Only invariant prime segments occur for cones P in a group G that de ne an order on G:
For any right P? ideal I we de ne I := \hP; hP I; the divisorial closure of I. I is again a right P? ideal. A right P? ideal I is called divisorial if I = I . With D(P) we denote the set of all divisorial P? ideals and on D(P) we de ne the following operation: I 1 I 2 = (I 1 I 2 ) for all I 1 ; I 2 2 D(P): With H(P) we denote the set of all invariant principal P? ideals, that is zP = Pz for some z 2 G:
The following result is essential for describing the ideals of a rank one cone Using the fact that for a cone P of rank one, (D(P); ) is a group, the structure of two-sided ideals of P in this case can be described completely ( 1] ii): D(P) = (R; +) and H(P) is a dense subgroup of D(P); b): The cone P is nearly simple, i.e., J is the only proper ideal of P and then D(P) = H(P) = fPg is the trivial group; c): The cone P is exceptional, i.e., there exists a prime ideal Q that is not completely prime with P J Q; no further ideals exist between J and Q and \Q n = . Then D(P) = hQi is the in nite cyclic group generated by Q = Q and an integer k 0 exists with H(P) = h(Q k ) i:
The Case c) splits into the following subcases: c 0 ) c 0 ) c 0 ): If k = 0, then P has no principal ideals di erent from P, i.e., H(P) = fPg, Hence, the chain of all ideals of P is:
Note that a subring R of a skew eld D is a chain domain if and only if the semigroup (Rnf0g; ) is a cone in the multiplicative group of D. This correspondence preserves the properties to be a proper ideal, a prime ideal and a completely prime ideal. Hence, Theorem 1.5 applies to chain domains as well. Several Conversely , if P is a prime ideal of R such that R=P is a Goldie, then the set C R (P) := fr 2 Rj r + P is regular in R=Pg is a regular right and left Ore set and the localization R P of R with respect to C R (P) is an overring of R in Q. Considering the property (D4), the following de nition is natural.
De nition 2.2 A prime ideal P of R is called Goldie prime if R=P is a prime
Goldie ring.
A prime segment of R consists of two distinct Goldie primes P 1 P 2 in R so that no further Goldie prime exists between P 1 and P 2 :
A Dubrovin valuation ring R is said to be of rank one if f0g and J(R) are the only Goldie prime ideals of R.
Remark 2.3 The ideals f0g and J(R) are Goldie primes and if R is a total
valuation ring then a prime ideal P of R is a Goldie prime if and only if P is completely prime.
Goldie prime ideals of a Dubrovin valuation ring R have the following properties ( 2]). Lemma 2.4 Let R be a Dubrovin valuation ring of Q. Then: a): Any union and intersection of Goldie prime ideals is again Goldie prime; b): An idempotent proper ideal of R is a Goldie prime; c): \I n is a Goldie prime for any ideal I 6 = R of R:
The next result shows that there are exactly three types of prime segments in a Dubrovin valuation ring. Property c) in Lemma 2.4 is crucial in the proof of the following classi cation theorem ( 2] ). Theorem 2.5 For a prime segment P 1 P 2 of a Dubrovin valuation ring R exactly one of the following possibilities occurs: a): The prime segment P 1 P 2 is archimedean, i.e., for all a 2 P 1 nP 2 there exists an ideal I P 1 so that a 2 I and \I n = P 2 : b): The prime segment P 1 P 2 is simple, i.e. there are no further ideals between P 1 and P 2 .
c): The prime segment P 1 P 2 is exceptional, i.e., there exists a prime ideal P that is not Goldie prime, P 1 P P 2 and then there are no ideals between P 1 and P and \P n = P 2 . Proof For a proof one considers L(P 1 ); the union of ideals I of R properly contained in P 1 : Three cases may happen. Case 1. If L(P 1 ) = P 2 , the segment P 1 P 2 is simple. Case 2. If P 1 L(P 1 ) P 2 and P 1 = P 2 1 , then L(P 1 ) is a prime ideal. Hence, the prime segment P 1 P 2 is exceptional. Note that the converse also holds, i.e., if the prime segment P 1 P 2 is exceptional, then P 1 L(P 1 ) P 2 and P 1 = P 2 1 . Case 3. If P 1 P 2 1 or P 1 = L(P 1 ) the prime segment P 1 P 2 is archimedean.
If R is a Dubrovin valuation ring in the simple artinian ring Q nite dimensional over its center, then R has archimedean prime segments only. Let R be a Dubrovin valuation ring of rank one. Then by (D4); Q is the only proper overring of R, i.e., R is a maximal order in Q: In this case the operation \ " is de ned on the whole D(R): Using this fact, we can obtain the following result essential for describing the two-sided ideals of a Dubrovin valuation ring of rank one ( 2] ). Theorem 2.6 Let R be a Dubrovin valuation ring of rank one. Then: a): (D(R); ) is a group that is order isomorphic to a subgroup of (R;+). b): (H(R) 3 Prime segments in right cones Let G be a group and C a submonoid of G that generates G, i.e., G = hCi: Then C is called a right cone of G if for any a; b 2 C either aC bC or bC aC:
One sided ideals, ideals, prime ideals and completely prime ideals can be de ned for C as they were de ned for cones in Section 1. With U(C) = C \C ?1 we denote the subgroup of units of C; and with J = J(C) = C n U(C) the maximal proper right ideal of C which is also an ideal.
A prime segment P 1 P 2 of C consists of two distinct completely prime ideals of C so that no further completely prime ideal of C lies between P 1 and P 2 ; as in Section 1, we call P 1 a prime segment if P 1 is a minimal completely prime ideal of C:
For right cones the following two facts are essential in the proof of the classication theorem for prime segments: Theorem 3.2 For a prime segment P 1 P 2 of a right cone C in a group G exactly one of the following possibilities occurs: a): The prime segment P 1 P 2 is right invariant, i.e., P 1 a aP 1 for all a 2 P 1 n P 2 . b): The prime segment P 1 P 2 is simple, i.e., there are no further ideals of C between P 1 and P 2 .
c): The prime segment P 1 P 2 is exceptional, i.e., there exists a prime ideal Q of C that is not completely prime, P 1 Q P 2 and then there are no ideals of C between P 1 and Q; in addition, \Q n = P 2 :
We can apply this result to a rank one right cone C, i.e.,where the maximal ideal J = J(C) is the only completely prime ideal. Using this fact, the results in Theorem 3.2 and 3.3 apply to right chain domains as well. However, we are not able to classify all two-sided ideals of exceptional right cones of rank one as was done in Theorem 1.5, c) for cones, and in Theorem 2.8 for rank one Dubrovin valuation rings.
It would be desirable to have a universal theory that covers all three cases discussed in this paper.
